We construct a global flat embedding structure of a Taub-NUT-AdS spacetime to yield a (6+5)-dimensional novel global Minkowski spacetime. We also investigate Taub-NUT, Schwarzschild-AdS and Schwarzschild limits of the global embedding by exploiting truncation scheme. In particular, we observe in the vanishing monopole strength limit of the Taub-NUT-AdS that the trunction is not smoothly applicable to the Schwarzschild-AdS, due to the presence of imaginary roots of its lapse function associated with event horizon. Moreover, reductions from the Taub-NUT-AdS and Schwarzschild-AdS to Taub-NUT and Schwarzschild, respectively, are successfully performed.
I. INTRODUCTION
Since a Taub-NUT spacetime was proposed [1, 2] , tremendous progress has been made in general relativity community. The Taub-NUT was exploited to treat on the manifold its associated novel topics such as D-brane, instanton bundle and hyper-Kahler quotients [3] , rescaling of conformal Yano-Killing tensors [4] , moduli spaces of instantons and mirror symmetry [5] , geodesics and Weierstrass elliptic functions [6] , black ring with dipole magnetic charges [7] , Gowdy symmetry and Cauchy horizon [8] , Dirac operator [9, 10] and integrability in conformally coupled gravity [11] . Next, the Taub-NUT-AdS has coordinate singularity occurring at certain values of the radial coordinate corresponding to bifurcate Killing horizons. The Taub-NUT-AdS includes the gravitational analogue of Yang-Mills instanton [12] , the Kaluza-Klein monopole and gravitational instanton [13, 14] , M-theory in higher dimensional spaces [15] , gravitomagnetic monopole source effects [16] and O(N) vector model on squashed three-sphere [17] .
On the other hand, a global embedding Minkowski space (GEMS) was intensively investigated by several authors [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] . A thermal Hawking effect [36] on a curved manifold can be looked at [38] [39] [40] [41] [42] [43] as an Unruh effect [37] in a flat higher-dimensional spacetime such as the GEMS. Some physical aspects of the GEMS are to remove coordinate singularity in the metrics and to define the Hawking temperature [36, 44] and an entropy as area of the Rindler horizon in this formalism. Specifically, the GEMS scheme was adapted to the Bañados-Teitelboim-Zanelli [45] [46] [47] , the Schwarzschild [48] together with its anti-de Sitter (AdS), the Reissner-Nordström (RN) [49, 50] and the RN-AdS [27] models. Very recently the GEMS structure of the Taub-NUT spacetime was investigated to yield a (6+5)-dimensional manifold [32] .
In this paper, we will further analyze the GEMS of a Taub-NUT-AdS spacetime, by introducing an ansatz for coordinate transformations to handle a cross term of time and angle coordinates in its four-metric. Since the Taub-NUT-AdS possesses mass, cosmological constant and monopole strength as parameters, we will choose vanishing limits of these parameters to investigate Taub-NUT, Schwarzschild-AdS and Schwarzschild cases of the global embedding by exploiting truncation scheme. We will show that the Taub-NUT-AdS lapse function has imaginary roots and thus, in its vanishing monopole strength limit, the truncation cannot be successfully applied to the Schwarzschild-AdS. However, we will make reduction from the Taub-NUT-AdS and the Schwarzschild-AdS to the Taub-NUT and the Schwarzschild, respectively. In Section II, we construct a GEMS of a Taub-NUT-AdS spacetime. In Section III we investigate Taub-NUT, Schwarzschild-AdS and Schwarzschild limits of the global embedding. Section IV includes summaries and discussions.
II. TAUB-NUT-ADS GEMS
We start with the Taub-NUT-AdS four-metric given by
with the parameters M , n and l being associated with the mass, gravitational magnetic monopole strength of the source, and the cosmological constant. Introducing r ± , which are roots of ∆, we can rewrite (2.2) as
Next, we evaluate the l 2 in terms of r ± as follows
Moreover, we find an identity
Finally we find the surface gravity κ H of the Taub-NUT-AdS spacetime
In order to figure out constructing the GEMS, which will be shown below, we rewrite the four-metric in (2.1) as
where
Now, we describe how to construct the GEMS structure for the Taub-NUT-AdS spacetime, because the GEMS has a highly nontrivial form. In order to generate the dtdφ-term in (2.9), we take an ansatz for (z 0 , z 1 , z 2 , z 3 ) in the GEMS for the Taub-NUT spacetime:
from which we find
HereΣ is defined asΣ
With another ansatz
N cos θ,
we produce
(2.15) By adding up the results in (2.12) and (2.15), we obtain
where we have exploited the following ansatz for the relation between κ and κ H in (2.8)
After tedious algebra for removing the coordinate singularity at r = r + , we obtain
Here we emphasize that the ansatz in (2.17) plays a crucial role in removing the coordinate singularity at r = r + in the process to evaluate (2.18). Next, we obtain
Now, we redefine the last piece in (2.16) as
In order to split into positive and negative parts, we reshuffle terms in the numerator in (2.18) and (2.19) to arrive at the (6+5)-dimensional GEMS structure
where (z 0 , ..., z 8 ) are given by (2.11) and (2.14) together with (2.17). The (z 9 , z 10 ) are found to become
and dΣ 1/2 /dr 2 is given by (2.20). Here we have imposed a restriction that r − < 0. Moreover, in the vanishing l −2 limit, r − becomes negative as in (3.4) . From now on, we will use the same notations for r ± as those for the case of Taub-NUT-AdS, even though the values of r ± are different depending on the four-metrics of interest such as the Taub-NUT metric. For the case of r − ≥ 0, we have a (6+5)-dimensional GEMS in (2.23) with the following modified coordinate transformations for (z 9 , z 10 ):
Here the coefficient functions d i (r) (i = 1, 2, ..., 7, 8) are given by 
III. LIMITS OF TAUB-NUT-ADS GEMS A. Taub-NUT limit
Now, we investigate a Taub-NUT spacetime limit by exploiting the truncation process associated with vanishing l −2 . Using the truncation in (2.2) and (2.3) we find
to yield the Taub-NUT spacetime metric
Here we find
where r ± are given by
Here one notes that r + is an event horizon and r − is negative. Moreover, we obtain in the vanishing l −2 ,
We proceed to exploit the truncation and we find modified coordinate transformations associated with the (6+5) GEMS structure in (2.23). The coordinate transformations (z 0 , ..., z 8 ) are obtained by replacing the N ,Σ and κ with N T N in (3.3),Σ T N in (3.5) and κ T N in (3.6), respectively. Moreover, we find the coordinate transformations for (z 9 , z 10 ) as follows
where c i (r) (i = 2, 4, 6, 8) can be read off from (2.25) and dΣ
The above GEMS results can be also evaluated 1 by making a start from the Taub-NUT metric (3.2) without the truncation process.
B. Schwarzschild-AdS limit
In order to investigate Schwarzschild-AdS spacetime limit, we perform the truncation process associated with vanishing n. Using the truncation in (2.2) we find the Schwarzschild-AdS spacetime metric 9) where
Here three roots of N 2 SA = 0 are given by one positive real root and two imaginary ones:
An algorithm for roots of a cubic equation are summarized in Refs. [51, 52] . Next, we obtain in the vanishing n limit of (2.3), (2.8) and (2.13),
Because the Schwarzschild-AdS metric does not contain dtdφ-term, we do not need four coordinate transformations as in (2.11). Instead, we take an ansatz for (z 0 , z 1 ):
(3.14)
Similarly, in this limit, (z 4 , ..., z 8 ) in (2.14) merge into (z 2 , z 3 , z 4 ) as follows
where we have used the identity (3.12). By exploiting the results in (3.14) and (3.15), we obtain
Defining the last term in (3.16) as
we arrive at [25] [26] [27] 
At this stage, the truncation scheme used in the case of Taub-NUT limit cannot be applicable to the SchwarzschildAdS case, because the Taub-NUT possesses at least two real roots (r + , r − ) while the Schwarzschild-AdS has one real and two imaginary roots (r + , r 1 , r 2 ). Finally we find the (5+2) GEMS structure: 19) In the limit of vanishing n and l −2 , we find the lapse function for the Schwarzschild black hole: with r H = 2M . The other coordinate transformations can be readily read off from (3.14) and (3.15) , to yield (5+1)-dimensional GEMS structure.
IV. CONCLUSIONS
We have constructed a global flat embedding of a Taub-NUT-AdS spacetime to yield (6+5) GEMS. In the vanishing cosmological constant limit, we have formulated a Taub-NUT GEMS using the truncation algorithm. In the vanishing monopole strength limit of the Taub-NUT-AdS, the truncation has been shown not to be successfully applicable to the Schwarzschild-AdS, because there exist imaginary roots of Schwarzschild-AdS lapse function associated with event horizon. It has been also shown in the vanishing cosmological constant limit that the Schwarzschild GEMS is readily formulated by applying the truncation to the Schwarzschild-AdS. It will be interesting to extend the results of the Taub-NUT-AdS GEMS to the Taub-NUT-Bolt spacetime [53] .
